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Resonant heating of particles in a magnetic field has been examined by many authors and is of importance in the heating of magnetically confined laboratory as well as extraterrestrial plasmas. For a review see Lieberman and Lichtenberg 1 . The transition from adiabatic to stochastic heating was first examined by Nekrasov 2 , Jaeger and Lichtenberg 3 , and Lieberman and Lichtenberg 4 . Stochastic heating by a lower hybrid wave in a tokamak was investigated by Karney 5 for wave frequency much larger than the cyclotron frequency. It has also been noted 6,7 that heating with ion Bernstein waves (IBW) can be obtained at frequencies above the cyclotron frequency Ω but below the second harmonic, at frequencies of ω/Ω = 3/2, 4/3, etc. To our knowledge however, a breaking of the invariance of the magnetic moment at frequencies at a fraction of the cyclotron frequency has never been reported in a theoretical work. Neither have we been able to find a clear experimental search for such heating. In this Letter we wish to demonstrate that, at sufficiently large wave amplitude, low-frequency wave heating is indeed possible. To this end we consider the simplest problem possible; that of a particle gyrating in a constant magnetic field acted upon by an electrostatic plane wave propagating perpendicular to the field.
The Hamiltonian for this system is
with the magnetic field given by the vector potential A = −Byx. Take the units of time to be given by Ω, the cyclotron frequency, let the electrostatic wave be given by a single harmonic, Φ = Φ 0 cos(kx − ωt), and assume zero velocity parallel to the field, v z = 0. There are then three dimensionless parameters characterizing the heating problem. Define ρ = v/Ω to be the instantaneous cyclotron radius. Then kρ characterizes the ratio of cyclotron radius to wave length, k 2 Φ 0 , characterizing the ratio of particle displacement caused by the wave to wave length, is the nonlinearity parameter, and ω is the ratio of the wave frequency to the cyclotron frequency. The initial particle distribution is also characterized by kρ 0 with ρ 0 a mean cyclotron radius for the distribution.
The equations of motion becomev
For small wave amplitude near the cyclotron frequency it is possible to describe the particle response to the wave in terms of oscillation at the cyclotron frequency with a slowly varying cyclotron radius, or energy. In the case of interest here wave amplitudes are large and wave frequencies different from, but comparable to, the cyclotron frequency, so response of the particle at additional frequencies must be retained. To treat the full problem it is necessary to include particle motion at fractions of the cyclotron frequency, sidebands, harmonics, etc. The particle motion must be written x = 
ie, a driven This gives ψ = ψ 0 − ωt j , with ψ 0 = kx 0 , and t j given by the times at which x = x 0 anḋ
, β m (t) one can solve for the Poincaré times t j . Without loss of generality at t = 0 we take x random, v x random negative and v y = 0; giving x = x 0 ,
The values at t = 0 then determine one Poincaré point. Others are given by 
Taking the frequency to be a fraction of the cyclotron frequency, ω = 1/q with q an integer and integrating over the short time scales we have 
These equations determine the motion of a Poincaré point in the kρ, ψ plane for small k 2 Φ 0 .
To determine the existence of resonances first look for fixed points of the Poincaré map, with k 2 Φ 0 1. In this case α and β are small, and since λ(0) = −α(0) and for a fixed point λ must be constant, it remains small. Keeping only up to first order in λ we find for the existence of a fixed point in the case ω = 1/2 either C 0 = 0 or S 0 = 0.
For C 0 = 1, S 0 = 0 we have
To lowest order in λ, µ is given by 0 = [ No solution is found for C 0 = 0, S 0 = 1. The second pair of fixed points in Fig. 1 at ψ = ±π/2 and kρ = 1.84 is more complex, due to a combination of motion at ω and 3ω. It should be obvious from the above that by including particle response at more frequencies, and allowing larger values of k 2 Φ 0 the number of fixed points in the map will increase enormously.
For ω = 1/q, with q > 2 the situation is qualitatively different. To leading order there do not exist any fixed points; rather the fixed points of the map emerge from ρ = 0 as Φ 0 is increased. Nevertheless, such fixed points exist for all integer q, associated with the unstable domains of the associated Mathieu equation, which are much narrower for q > 2.
A numerical Poincaré plot is shown in Fig. 2 In conclusion, we have demonstrated that significant perpendicular heating can be obtained at a fraction of the cyclotron frequency. Although we have investigated only the case 8 of a longitudinal wave propagating across a constant magnetic field, the nonlinear resonance phenomenon should be more fundamental, and may have application in high power radiofrequency heating schemes in laboratory as well as in astrophysical plasmas. Furthermore, we expect similar heating mechanisms to be operative for large amplitude Alfvèn waves, and will explore this effect in a separate publication. 
